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In the study of minimum problems, a relevant question is well-posedness 
of the program to be minimized. 
We can give two different meanings to that notion. 
Given f: X + IR and K c X, the problem of finding the minimum off over 
K is said to be “well-posed” in the sense of Hadamard iffhas a unique point 
of minimum on K depending continuously on the data f and K. This is the 
(well-known) condition of well-posedness considered in the study of 
differential equations, translated for minimum problems. 
On the other hand, following the definition introduced by Tyhonov ] 12 ], 
we can say that f is well-posed over K if it has a unique minimum point 
toward which converges every minimizing sequence in K: that is, every 
approximate solution of the minimum problem is close to the actual solution. 
Both of these notions are interesting for the numerical solution of 
minimum problems. From the theoretical point of view, a relevant question 
is: what kind of connection can be established between these different 
notions? Some known results can be related to this question. like that of 
Sonntag [ 111 and Asplund and Rockafellar [ I]. 
We consider the class of real-valued convex and continuous functions 
defined on a reflexive Banach space. We assume also that the functions 
under consideration have a unique minimum point on every closed and 
convex set. The problem of minimizing f on closed convex sets will be said 
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well-posed in the sense of Hadamard with respect to the converge of Mosco 
(respectively, Hausdorff) if the convergence of K, to K, in the sense of 
Mosco (respectively, Hausforff) implies the convergence of the 
corresponding minimum points. 
Our main results are the following: 
(a) if the problem of minimizing f over closed convex sets is well- 
posed in the sense of Hadamard w.r.t. the Hausdorff convergence, then for 
every closed convex set K the minimum problem is well-posed in the sense of 
Tyhonov; 
(b) if, moreover, we assume that f is uniformly continuous on every 
bounded set, then well-posedness in the sense of Tyhonov over every closed 
convex set implies the Hadamard well-posedness w.r.t. Mosco’s convergence. 
We wish to point out that the result in (a) remains true if all of the closed 
convex sets under consideration are contained in a fixed closed convex set C. 
We believe that we do not have to justify the choice of the main 
assumptions: in particular, hypotheses of convexity are very common in 
minimum problems. We shall spend only few words about the types of 
convergence we consider for closed convex sets: Hausdorff convergence is 
well known, and Moso’s convergence has proved to be very useful for 
variational problems under convexity assumptions. We note also that 
Hausdorff convergence is stronger than MOSCO’S one, so that they are put in 
the right place in our theorems. 
Our results partly extend, and partly are particular cases of (21. where are 
considered also minimum problems without assumptions on the uniqueness 
of the minimum points; unfortunately, it seems to us that sometimes the 
proofs contained in the work previously cited are not always satisfactory. In 
particular, the fact that well-posedness in the sense of Hadamard implies the 
well-posedness in the sense of Tyhonov is proved in [ 21 only on the family of 
the closed convex sets K s.t. min, f > min,.f. 
1. NOTATIONS AND HYPOTHESES 
Throughout this paper, X will denote a real and reflexive Banach space, 
1 . ] its norm and X* its dual, the pairing between x* E X* and x E X will be 
written as (x*, x); S(x,, r) is the ball of radius r and center x,,. Given 
x, y E x, [x, y] = (z E x: z = Ax + (1 - L)y, 1 E [O, 1 ]}. As usual, strong 
(respectively weak) convergence will be denoted by + (respectively 2). 
Given f: X + R, we put L(f) = (x E X: f(x) = inf,, f } and, given a E R. 
t,(f)= {xEX:f(x)<a). Given KcX, we put argmin,f = (xEX:f(x)= 
inf, f }. 
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We shall assume, in some instance, that f: X-+ IA is convex and 
continuous. We note that this condition is satisfied if f is assumed to be 
convex and lower semi-continuous: see, for example (31. We say that f is 
quasi-convex [9] if Vx,yEX, V1E [0, l] f(Ax+(l -L)y)<max 
(f(x), f( J,) 1; f is strictly quasi-convex if the strict inequality holds whenever 
0 ( A < 1 and x # 4’. Given a sequence K, of closed convex sets, and K a 
closed convex set (all of them contained in X) we, say that: 




K, converges to K in the sense of MOSCO, denoted as K, -+&’ K [8] if 
(i) Vk E K, 3k, E K, s.t. k, + k, 
(ii) V(kj}i”,, s.t. kjE K, 
(2) 
(nj any subsequence) and kj - k, then k E K. 
Given f: X+ R, K c X, we say that f is well-posed on K in the sense of 
Tychonov [ 121 if f has a unique minimum point on K and every minimizing 
sequence (i.e., every sequence x, s.t. f(x,) -+ inf, f) converges to argmin, f. 
Given f: X+ R, Cc X, we say that f is well-posed on C in the sense of 
Hadamard with respect to the convergence of Hausdorff (respectively, 
Mosco) if, given K, and K closed convex sets in C, f has a unique minimum 
point on K, and K and we have that K, -+H K (respectively, K, 2’ K) 
implies argmin,” f + argmin, J 
2 
We begin by proving some lemmas that show important properties of the 
functions we shall consider. 
LEMMA 2.1. Let f: X+ (-a, +a] be convex, 1.s.c. and Tyhonov well- 
posed on a closed c0nve.x set K. Then Vu E IR, L,(f) n K is a bounded set. 
Proof: If K is a bounded set, there is nothing to prove. Then we assume 
that K is unbounded. It is obvious that for a < inf, f, L,(f) n K is bounded. 
Suppose that L,(f) n K is unbounded for every a > inf, J Then there 
exists x, E K s.t. 
f(q) < i$f + +, (3) 
Ix,1 > n. (4) 
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This contradicts the fact thatf is Tyhonov well-posed on K since x, is not a 
converging sequence. Hence there exists a level set L,(f), with a > inf,J 
such that L,(f) n K is bounded. Now, if we denote 6,(.) the indicator 
function of the convex K, namely, 
6,(x) = 0 if xEK 
=+a if x&K. 
it is easily seen that ‘da E IR. L,(f) n K = L,(f + 6,). Then there exists a > 
inf,(f + 6,) such that L,(f+ 6,) is bounded. Hence Vu > inf(f + 6,) 
L,(f + 6,) is a bounded set (see [ 10, Corollary 4, p. 56). Hence L,(f) n K 
is bounded Va E IE. 
Remark 2.2. If we put K =X in Lemma 2.1, we obtain that if f is 
Tyhonov well-posed on X, then L,(f) is a bounded set Vu E Ft. 
Remark 2.3. We observe that, if f is a convex 1.s.c. function which is 
Tyhonov well-posed on X, then f has a minimum point on every closed 
convex set K. This follows from the lower semicontinuity and the fact that, 
from Remark 2.2, every minimizing sequence in K is bounded. However it is 
possible that such a minimum point is not unique, as shown by simple 
examples. 
LEMMA 2.4. Let f: X --+ F? a convex continuous function. If f is Tyhonoc 
well-posed on every closed aDine half-space, then f is Tyhonov well-posed on 
every closed convex set K. 
Proof. At first we show that f is Tyhonov well-posed on X. Let 0 # 
x* E X* and H+ = (x E X s.t. (x*.x) > O}, H- = (x E X s.t. (x*:x) < 0). 
We shall indicate by h + and h- the (unique) point of minimum off on H’ 
and H-. respectively. If h+ = h-, then f(h’) = min,Y f and f is Tyhonov 
well-posed on X. If h + # h - and if for instance, h ’ E H-. it is obvious that 
hm E A-, f(h-) = min, f and f is Tyhonov well-posed on X. Now we show 
that it is not possible that hf E A’ and h- E l?. In effect if we considerf 
on the line segment [h +, hm 1, it may be by convexity that f is constant or 
that f has an internal minimum point in contradiction with the Tyhonov well- 
posedness off on Ht and H-. Hence f is Tyhonov well-posed on X. 
Now let K be a closed convex set. If argmin, f = x0 E K. it is obvious that 
f is Tyhonov well-posed on K. Hence suppose that x,, @G K. By Remark 2.3 
we know that f has at least a minimum point k on K. Let f(k) = a. We 
observe that a > f(x,). If not, there exists a sequence x, E K such that 
f (x,) + f (x,), and hence, by the Tyhonov well-posedness off on X. x,, + x0, 
against the fact that x,, &K. Now we want to show that it is possible to 
separate L,(f) from K. We observe that x,, E Le), by the continuity of-6 
409.‘85; I 14 
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Moreover, if x E JY$) there exists h s.t. 0 < h < 1 and x’ E L,(f) such that 
x=&+(1-h)x’ andf(x)<hf(x,)+(l-h)a <a. Hence LTj)T‘iK+a. 
Hence there exists a closed hyperplane H separating K from L,(f), i.e.. there 
exist 0 #x* E X*. c E P s.t. K c H+ = (x E X s.t. (x*, .K) > c) L,(f) c 
H- = (x E X set. (x*.x) <c). We observe now that k E H’ and 
Ht n L$) = 0. hence f(k) = min,, J As f is Tyhonov well-posed on H * . 
everything is proved. 
LEMMA 2.5. Letf: X+(-co, +co] be a convexfunction such thatf has 
(at least) a minimum point on every closed convex set K of X. Then either 
(a) L(f) = (x E X s.t. f(x) = min, f) is an unbounded set, or 
(b) L,(f) is a bounded set for every a E R. 
ProoJ We must show that it cannot exist some a > inf, f such that 
L,(f) is an unbounded set and L(f) is a bounded set. For if there exists 
such an a, for all a > infxf, L,(f) IS unbounded (see Lemma 2.1). Suppose 
then that there exists r > 0 such that L(f) c S(0, r) and xk E X such that 
IxkJ > k! and f(xk) -+ min, f. Let vk = xk/lxkl. Then 3u, E X and a subse- 
quence u’, of ck such that v,, - c’,,. Without loss of generality, we suppose 
that c0 = 0. Let IV: E X* such that ()v;. nl,) = 1 and 1 bv;i = 1 (from the 
Hahn-Banach theorem). As (I+:, ~v,j+ 0. there exists n, such that 
I(wf, wn)l < 1. v’n > n,. 
Now let ~11” E X* such that (u-T, ul,,,) = 1 and /MI” I = 1. As (MJ~. n’,, j -+ 0 
there exists n2 > n, such that 
I(W,*. W”)I < l/2! (5) 
Vn>n,. 
I($? wnjI < 1/2! (6) 
By induction we can find a sequence ~17 E X and a subsequence nj such that 
(WT. wn,J = 1 (%= 11, (8) 
I(WT, w,)l < l/j!. Vn > nj and for i = l,..., j. (9) 
Let Zj = Ix,~I wnj, /zjl >j! Call w* = x,2, wj/3j E X* and let K = {x E X: 
(w*, X) > r), K # 0 as w* # 0, Moreover if x E K we have r < (w*, x) < 
1x1 I\v*l < 1x1 f, from which 1x1 > 2r, hence K f’L = 0 and min, f > min, f. 
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Now we want to prove that zj E K (for j large enough). We have 
hence zj E K. This is in contradiction with the fact that zi is a minimizing 
sequence in X, and min, f > min,f. 
3 
We present now the main results of the work concerning the relationship 
between the two well-posedness concepts defined before. 
THEOREM 3.1. Let f: X + R be a convex function uniformly continuous 
on every bounded set. If f is TJjhonov well-posed on every closed aflne half- 
space of X, then f is Hadamard well-posed, ttjith respect to Mosco’s 
convergence, on the closed convex sets of X. Narneltl, if K, --+I’ K, ; K,, , K,, 
closed convex sets, we have that argmin,” f -+ argminKnf. 
Proof. We observe at first that, by Lemma 2.4, f is Tyhonov well-posed 
on every closed convex K set of X. Hence, for every closed convex set K, we 
know that there exists the (unique) point of minimum argmin,f. Let 
K, 2 K, and k, = argmin,“J k, = argmin,J x0 = argmin,Vf. We shall 
consider two cases. 
(a) k, = x0. We only must show that f(k,) + f (k,), because the 
Tyhonov well-posedness off on X will guarantee the convergence of k, to 
k,. But it is obvious lat b,, f (k,) > f(k,); moreover by (2)(i) -3x,, E K,, 
such that x, ---) k,, hence f (x,) -+ f (k,). As f (k,) < f (x,) we can conclude. 
(b) x,, & K,. Let f(k,) = a. As in the proof of Lemma 2.4, we know 
that 30 f x* E X* and c E R such that KC HC = (x E X s.t. (x*,x) > c). 
L,(f) c H- = (x E X s.t. (x*,x) <c). We want to show that k, is a 
/ 
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bounded sequence. To see it, it is enough to prove by Lemma 2.1 that k, is 
in some level set off: but as in the step (a) we can conclude that limf(k,) < 
f(k,) Hence, there exists kE K, and a subsequence njs.t. kni-k, from which 
we have l&~,,f(k,~) >f(k). By a standard argument we conclude that 
l&J(k,) >f(k,). Hence lim,f(k,) = f(k,). Now we show that k, - k,. If 
k,, - k we have that k E K, by (2)(ii), and f(k,) <f(E) < l&f(k,) < 
.fh. I-I encef(k) =f(k,) and k = k, by the unicity of the point of minimum 
off on K,. Therefore. we have 
k, - k,, 
fk) + f(W 
(10) 
(11) 
Now, let H = {x E X s.t. (x* ,x) = c) and H, = (x E X s.t. (x*,x) = O}. As 
k, E H, H = H, + k, and the hyperplane H, has in X an algebraic and 
topological complement, of the kind span (/), I# 0, ICE H,; namely, Vx E X, 
3x,EH, and mER s.t. x=x,+ml. Hence k,-k,=k,,+m,l, k,,EH,, 
m, E R. As k, - k,, (x*, 1) # 0, and (x*, k,,) = 0 we conclude that m, + 0. 
Then Ik,, - (k, + k,,)l + 0 and k,, = k, + k,, E H. By hypothesis, f is 
uniformly continuous on the bounded sets, hence f(k,) -f(k,,) --* 0 and 
lim,f(k,J =f(k,). By the Tyhonov well-posedness off on H, we obtain 
k,-k,; hence k,+k,. Therefore f is Hadamard well-posed. 
Remark 3.2. In the proof of Theorem 3.1, we used the uniform 
continuity off on the bounded subsets of X. This hypothesis is equivalent to 
the fact that f is bounded on the bounded subsets of X, as noticed in [ 71. 
However, this condition is not implied by the other hypothesis as shown by 
the following example. 
Let X a separable Hilbert space and e, an orthonormal basis: define 
f(x) = CFEO n(x, e,JZn. Then f is not bounded on the unit sphere. 
We have seen, in Lemma 2.5, a necessary (and, in fact, sufficient) 
condition for the existence of (at least) a point of minimum, for a convex 
function f, on every closed convex subset of X: for the unicity, we recall the 
following result of Polijak. 
PROPOSITION 3.3 [9]. Let f: X+ ip be a 1.s.c. function with one and on14 
one minimum point on the closed bounded convex subsets of X. Then f is 
strictly quasi-convex. 
Remark 3.4. In the following we shall suppose that the function f is 
convex, 1.s.c. and has one (and only) one minimum point on the closed 
convex subsets of X. This is equivalent to the fact that f is convex, 1.s.c. 
strictly quasi-convex, and that all the level sets are bounded. 
Remark 3.5. There exist functions that are convex, strictly quasi-convex, 
but not strictly convex: f(x) = 1 x I. 
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The following lemma gives a result that will be useful for the proof of the 
next theorem. 
LEMMA 3.6. Let KC X a closed concex set, 0 E K. Let J-,~ E K s.t. 
.vj - 0, and 1 yjI = 1 and y.,F E X* s.t. (y,?, J?~) = 1 and 1 J’,? 1 = 1. DeJne 
Hj = {x E K s.t. 1.~1 < 1. (J$, x> + (l/j)($+, x> > (l/j) + (J,,;, J;:)}. 
H, = (x E K s.t. 1x1 < 1, (J$, x) > 0). 
Then Hi dH H, . 
Proof. We observe that yj E Hi. j > 0. Then we start to prove (l)(ii). i.e.. 
that VE > 0, 3~1 > 0 s.t. Vj > V, V-u E H,, 3w(x) E Hi s.t. 1.~ - n(?c)i < E. We 
shall construct )V of the kind )I’ = (*U + 6,~,,)/( 1 + bj) with .U E K and suitable 
bj > 0. Note that M’ E K because it is a convex combination of elements of K. 
Having fixed E > 0 if (xl < 1 -c/2 let X=x and 0 < bj < c/4. Then IM*I < 1. 
If 1.~1 > 1 - &/2. let X= (1 - &/2)x. Then ZE K, (because 0 E K,) and also 
/ )t’I < 1. Moreover 1 u’ - .Ul < 26, < 42. Hence, in any case, 111’ - x 1 < E. It 
remains to show that u! verifies the relationship defining Hi. We have 
As (I’;,. r) > 0 the previous inequality holds if 
As l/j + l(yt, J.>I + 0, for j large enough it is possible to choose bj s.t. 
- l/~ + /(yO, yj)I < bj < c/4, then 1~ E Hi. Now it is necessary to show 
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(l)(i): V’E > 0, 3v > 0 s.t. Vn > v, VW E Hi, 3x(w) E H, s.t. Ix(w) - USI < E. If 
(y$, ro) > 0, then x(w) = RJ. If (JI$, 12~) < 0, then 
0 < -(yo*, w) < f (yj*, w) - f - (y& yj) 
Fixed E > 0 for j large enough aj < e/4. If 1 u’ j < 1 - e/2, let 
x = ‘0 + (- (Yo*? W))Yll 
1 + (-(Y$, M’)) . 
Then 1x1< 1, (y$,x)=O; hence xEH, and Ix-wl<2aj<s/2. If /LV > 
l-s/2, let 2=x/1x1: then 2EH, and IX-r+l<II--xl+Ix-r+l= 
E/2 + E/2 = E. 
THEOREM 3.7. Let C a closed convex subset of X, f: C -+ Ip a convex 
continuous function with one (and only one) minimum point on eveqv closed 
convex subset of C. If f is Hadamard well-posed, with respect to the 
Hausdorff convergence, on the collection of the closed convex subsets of C, 
then f is Tyhonov well-posed on every closed convex subset of C. 
Proof: Suppose that there exists a convex Kc C s.t. f is not Tyhonov 
well-posed on K. Without loss of generality we can put f(0) = 0 = min, f: 
Obviously 0 E K, let y,, E K, y0 # 0 (such J’,, exists, if not f is indeed well- 
posed on K!). Let 4’: E X* s.t. 1~: I = 1 and (-r$, J’,,) = I Y,(. Define Aj = 
(xE K: (y; ,x) > I/j’}. Then Aj # 0, for j large enough, since (l/j’) 
(~~,,/lp~l) E Aj. Of course, ai= min,dif > 0 because 0 6? Ai. As f is not 
Tyhonov well-posed on K there exists a minimizing sequence mi that does 
not converge to zero. By a standard argument we conclude that mj - 0. 
Now from mj it is possible to obtain a new minimizing sequence yi s.t. (for a 
suitable a > 0). 
( JJo*3 Jj:) < l/j’* (12) 
Iyjl = a. (13) 
f(?;.) < aj. (14) 
Now let JI? E X* s.t. 1 y,? I = 1 and (~97, ~9~) = a. Let 
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By ( 13), yj E Hi and by Lemma 3.6, Hi +‘I H,. Let hj = argmin,,f, j > 0. 
We observe that h, = 0 because 0 = argmin, f and 0 E H,. Since yi E Hj. 
f(hj) <f(yj) < aj by (14), so h,&A,. Hence (J$, hi) < l/j’. But /z,E Hi. 
therefore (y$, hj) + (l/j)( y,F, hj) < (a/‘) + ( JI$, J;) from which (~3:. h,) > 
a - j(((yz, hj)l + I(JJ$, JJ~)I) > a - 2/j by (12). Therefore hi + 0 = h, against 
the Hadamard well-posedness off on C. 
Remark 3.8. If we put C = X in the previous theorem the hypotheses 
maded on f are equivalent to the convexity, strict quasi-convexity and boun- 
dedness of the level sets. as we saw in Remark 3.4. 
4 
We now present some applications of our previous results. 
In this section we shall assume that E. F are E-spaces (see [4] for the 
definition of E-space) and L,: E + F. n > 0, are linear bounded operators. 
Let f: E + IR so defined: 
f(u)=lu--u*l?+lL,u-x*12, U”EE, x* E F given. 
We consider the problem of minimizing f on a convex set K. 
PROPOSITION 4.1. For every closed convex set KC E, and for every 
u*, x*, f is Tifhonov well-posed on K. 
Proof. The level sets off are all bounded and f is strictly convex. So f 
has a unique minimum point on K. Now let u,, E K s.t.f(u,) + f(k) = min, f: 
By standard arguments we have u,, - k. Suppose that u,, + k. Then, for a 
subsequence lim /u,,I’ > lkl’ and lim ILOu,(’ > lL,kl’. Therefore u,, is not 
minimizing, against the hypothesis. 
Using Theorem 3.1, we get the following: 
PROPOSITION 4.2. Let K,, K closed convex subset of E and let K,, 4” K. 
Then argmin,” f + argmin, J 
Remark 4.3. This example can be considered as an abstract model for 
optimal control problems. In this case, u represents the control variable and 
L,u is the solution of the (linear) state equation involving the control u. In 
this setting. the “constraint set” is often given in the mixed form (u, L,u) E 
K* c E x F with K* a closed convex set. 
If we define K = {u E E s.t. (u, L,u) E K* 1, then K is a closed convex set 
as preimage of a closed convex set by a linear bounded operator. Then 
Proposition 4.2 refers to such control problems when the set K is subject to 
perturbations. On the other hand, it would be interesting to characterize 
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Hadamard well-posedness of f in terms of the sets Kz directly. Unfor- 
tunately, Mosco’s or Hausdorffs convergence of the sets K,T to K” does not 
imply, in general, Mosco’s convergence of the related K, to K as we shall 
show in Example 4.4. The reason of this fact is that K,, can be “too big.” 
with respect to the set of the “active constraints” of the problem, represented 
by K;‘= K,T C--I gph L,. 
We wish to point out that K, represent the projection on E of the set K,“‘. 
and it is easy to show that Mosco’s convergence of KI,* + K’* implies 
Mosco’s convergence of K, to K. 
EXAMPLE 44. Let E = F Hilbert spaces and (e,. ez . . . . . e ,,.... } an 
orthonormal basis of E. Let 
L:E-Es.t.L(x)=(x,e,)e, x= 2 (xe,)e, 





K*=&T\e,.F ,..., en ,... 1xG1e,.5 ,..., 5 ,... I. 
I !’ \ 1 2 n \ 
K,* -vM K* as KzcK,“,, and K* = IJ K,* (see [ 8 1) (We have also that 
K, +H K). Now we observe that 0 E K since (0,O) E K*. If K,, +“‘K by 
(2)(i) there exists a sequence k, E K,l s.t. k, + 0. But we show now that the 
unique “admissible pair” for the rz-problem is (e,. e,) so that K,, is (e,} for 
every n. In fact, u, E K, if and only if (u,,. Lou,) E K,*. Hence u,, = 
x1=, a,,eJi for some a,,; > 0 s.t. x1=, a,,; = 1 and Lu, = x1=, b,iei/i for 
some bni > 0 s.t. x,1=, b,i = 1. Since Lu, = an,e,, then a,,, = 1 and a,, = 0, 
i # 1. Hence u,, = e, . We want to note that K,, and K are particular sets of 
the form (u, Lou) s.t. u E Cl. Lou E V, (1. V convex sets. 
As an application of the previous proposition it is possible to consider the 
linear regulator problem, as in [ 131. As another application, we consider the 
following function g to minimize: 
g: E x F -+ IF g(u, s) = 1 u - u* 1’ + 1.~ - .Y* 1’. I(* E E, x* E F given. 
As in Proposition 4.1. we get that g is Tyhonov well-posed on every cased 
convex set KcExF. Now, we define K,,=((u,x)EExF: .v=L,,u). 
II >, 0. It is easily shown that pointwise convergence of L,, to I., and of their 
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adjoints Lz to L$ guarantees Mosco’s convergence of K, to K,. Hence, by 
Theorem 3.1, we have the following: 
PROPOSITION 4.5. If L,x + L,s. Vx E E and L,*J, + L,*y. V?* E F*. then 
the sequence of minimum point of the function 1 u - u * 1’ + 1 L,,u - I* 1’ 
concerge to the minimum point of the function Iu - u*12 + 1 L,u -..y*‘/‘. 
This problem is also studied in [ 141. 
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